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® RFFs: approximate kernel and perform inference.
= Exact inference in approximate model.

® Can affect posterior in unforeseen/undesired ways.
® Qverfitting

® Should perform approximate inference in exact model.
® No overfitting!
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I Approximating the Posterior

Goal: compute p(f | D).

Introduce approximate posterior q(f):

0% = argmin D(q(f) [ p(f | D)).
qeQ

Often D = KL divergence: variational inference.
® How to construct ¢(f)?
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Approximating the Posterior (3)

Introduce inducing points: w = (f(tu,1),- .., f(tunm))-

Assume distribution g(u).

Inducing point approximation (Titsias, 2009):

p(f1D) ~ a(f) = / p(f | u)q(u) du,

q"(u) = arg(rr)linDKL(q(f) I p(f D))

x plu) exp / p(f | u)log p(D| £) .

Complexities: Time Memory
Full posterior  O(N3)  O(N?)
Inducing points O(NM?) O(NM)



Approximating the Posterior (4)

e N = 1000 and M = 40; 25x compression!




I Inducing Points Versus SSA 8/21

® Inducing points: local in time/space




I Inducing Points Versus SSA 8/21

® Inducing points: local in time/space

® Need M x N



I Inducing Points Versus SSA 8/21

® Inducing points: local in time/space

* Need M o< N: hidden O(N3) scaling!



I Inducing Points Versus SSA 8/21

® Inducing points: local in time/space

* Need M o< N: hidden O(N3) scaling!

® SSA: local in spectrum
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Inducing points: SSA:
+ Appealing approximative + Representative power
construction — Overfitting

— Hidden O(N3) scaling
Best of both worlds?

Yes: Variational Fourier Features (VFFs)!
(Hensman et al., 2016)
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Inter-Domain Inducing Points

Extension of inducing point method (Lazaro-Gredilla and Vidal,
2009)

Introduce pseudo-observations for a linear transform of f:

6| f = / TREDFO A u= (g€ 9(Eunr)).

® |n some Cases, necessary:

f(t) h(&—1t) 9(§) | f=(h* (&)

..0‘ 0 .' --l' -..
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In other cases, improve ¢(f).
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Variational Fourier Features

® Predictive mean in SSA:

f SSA Z a; cos(2mg;t) + Z Bi sin(27E;t).

=1 =1

® Predictive mean for inter-domain inducing points:

FUPIPY( Zal/ k(t, 7)h(Eus, 7) dT

 VFFs: engineer h such that f(VFF) is also a Fourier expansion.
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Variational Fourier Features (2)

Attempt 1: g(&)| f = / T et f(t)dt.

® Inducing points become inducing frequencies.

M
® f(IDIP) (t) _ Z aik_(gu’i)ef%nfu,it.
=1

® But g is white noise...

Attempt 2: g(€)| f = / be*’“ﬁ(t*‘” F(t)dt. (L2[a, b]-VFFs)

® Works, but edge effects near boundaries.
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(Figure taken from Hensman et al. (2016).)
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e Use tools from RKHS theory to eliminate edge effects.

® Mercer's Theorem:
=3 Ni(0)61 (1)
i=1
where ()52, and (\;)2; ef.'s and e.v.’s of
b
Tf =t (lt, ) 0), (L) = [ 100 (0 aue

° Why?

IDIP Zasz §u iy ° ( )
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Variational Fourier Features (5)

® Desire Ty (h(&, *))(t) = V(& 1) = e 2m4L,
o If (&, +) € span{p;}5°,, then

Z@ 1)
e Solution:
MET) = D L oDW(E ), 01
i=1 "
— TR(h(E, )(0) = D L TBNOWIE )61
i=1 "

=YW ) 6) = V(& 1).



I Variational Fourier Features (6)

® Works for Matérn kernels of half-integer order!
= VFFs (RKHS-VFFs)



I Variational Fourier Features (7)
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(Figure taken from Hensman et al.
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Rates of Convergence

® RFFs simple: amenable to convergence analysis.
® Inducing points more complex: convergence analysis hard.
¢ Recent result by Burt et al. (2018):

Theorem (Burt et al. (2018))

Fix e > 0 and § > 0. Let (¢;)$2, be sampled i.i.d. from A(0, ), let
k be an exponentiated-quadratic kernel, and let 1 have density
N(0, B) with 8 > 2a. Then there are N and C such that, for all
N > N, the inter-domain point method with M = C'log N
eigenfunction inducing features achieves Dk (¢(f) || p(f| D)) <e
with probability at least 1 — 6.
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Rates of Convergence:
Eigenfunction Inducing Features

e Eigenfunction inducing features:

wlf == [ 1060 dute).
® Nice behaviour:
Eluuj] = 1ifi = j else 0,  E[f(t:)uj] = /Ajo;(t:).
® Key quantity:
c=tr(Ksp — Kpu Kyl K ),

(Kyp)ij = ELf () f(85)], (Kpu)ig = E[f (:)uy),
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Rates of Convergence: Sketch of Proof

® Can compute e.f.'s and e.v.'s for EQ kernel.

e Key inequality:

c 2
i 0 (4120 < 505 (14 B ).

® Bound follows from application of Chebyshev's to

ZA i P (ti)

m=M+1 21

combined with Z Am = O(AM) for some A € (0,1).
m=M+1
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I Conclusion

RFFs: exact inference in approximate model.
+ Good representative power

Inducing points: approximate inference in exact model.
+ No overfitting

VFFs = inducing points + representative power of RFFs.

Can design inducing point methods amenable to convergence
analysis.
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